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Abstract. We extend our family rigidity and vanishing theorems in [LiuMaZ] to 
the Spin*^ case. In particular, we prove a i^'-theory version of the main results of [H], 
[Liul, Theorem B] for a family of almost complex manifolds. 

Introduction. Let M, B be two compact smooth manifolds, and ir : M B 
be a smooth fibration with compact fibre X. Assume that a compact Lie group G acts 
fiberwise on M, that is, the action preserves each fiber of tt. Let P be a family of G- 
equivariant elliptic operators along the fiber X. Then the family index of P, Ind(P), 
is a well-defined element in K{B) (cf. [AS]) and is a virtual G- representation (cf. 
[LiuMal]). We denote by (Ind(P))'^ G K{B) the G-invariant part of Ind(P). 

A family of elliptic operator P is said to be rigid on the equivariant Chern character 
level with respect to this G- action, if the equivariant Chern character chg(Ind(P)) G 
H*{B) is independent of g & G. If chg(Ind(P)) is identically zero for any g, then we 
say P has vanishing property on the equivariant Chern character level. More generally, 
we say that P is rigid on the equivariant K-theory level, if Ind(P) = (Ind(P))'^. If this 
index is identically zero in Kg{B), then we say that P has vanishing property on the 
equivariant K-theory level. To study rigidity and vanishing, we only need to restrict to 
the case where G = S^. From now on we assume G = S^. 

As was remarked in [LiuMaZ] , the rigidity and vanishing properties on the i^-theory 
level are more subtle than that on the Chern character level. The reason is that the Chern 
character can kill the torsion elements involved in the index bundle. 

In [LiuMaZ], we proved several rigidity and vanishing theorems on the equivariant 
/^-theory level for elliptic genera. In this paper, we apply the method in [LiuMaZ] 
to prove rigidity and vanishing theorems on the equivariant i^'-theory level for Spin'^ 
manifolds, as well as for almost complex manifolds. To prove the main results of this 
paper, to be stated in Section 2.1, we will introduce some shift operators on certain vector 
bundles over the fixed point set of the circle action, and compare the index bundles after 
the shift operation. Then we get a recursive relation of these index bundles which will 
in turn lead us to the final result (cf. [LiuMaZ]). 

Let us state some of our main results in this paper more explicitly. As was remarked 
in [LiuMaZ], our method is inspired by the ideas of Taubes [T] and Bott-Taubes [BT]. 

For a complex (resp. real) vector bundle E over M, let 

Sym,(E) = l+tE + t^Sjm^E + ■ ■ ■ , 
' kt{E) = l + tE + eK^E + --- 

be the symmetric and exterior power operations of E (resp. E ®r C) in i^'(M)[[t]] 
respectively. 
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We assume that TX has an 5'^-invariant almost complex structure J. Then we can 
construct canonically the Spin'^ Dirac operator on h*{T^^'^^*X) along the fiber X. 
Let W be an 5'^-equivariant complex vector bundle over M. We denote by Kw — det W 
and Kx = det(r(^'°)X) the determinant fine bundles of W and T^^-^^X respectively. Let 

(0.2) Q,{W) = ®- oA-,« (W) ® (g)^^, A_,.(W^). 

For N e N*, let y = e^'^'^l^ g C. Let Gy be the multiplicative group generated by y. 
Following Witten [W], we consider the fibcrwise action Gy on W and W by sending 
y e to y on and on PF. Then acts naturally on Q\{W). We define 
(5i(T'(^'°)X) and the action Gy on it in the above way. 

The following theorem generahzes the result in [H] to the family case. 

Theorem 0.1 ^sswrne ci(T*^"'^'°)X) = mod(A^), the family ofGyXS^ equivariant Spirf 
Dirac operators Symg„(TX ®p{, C) ® Qi{T^^''^^X) is rigid on the equivariant K- 

theory level, for the action. 

The following family rigidity and vanishing theorem generalizes [Liul, Theorem B] 
to the family case. 

Theorem 0.2 Assume UJ2{TX - W)si = 0, |pi(TX - W)si = e-7r*u^ (e G Z) m 
Hgi{M, Z), and Ci{W) = mod(A^). Consider the family of Gy x equivariant Spin"^ 
Dirac operators 

® {Kw ® K^^f'^ ®n=i Symgn(TX Or C) Qi{W). 

i) If e — 0, then these operators are rigid on the equivariant K-theory level for the 
action. 

a) If e < 0, then the index bundles of these operators are zero in Kq x5i(-B)- In 
particular, these index bundles are zero in Kq^^B). 

We refer to Section 2 for more details on the notation in Theorem 0.2. Actually, our 
main result, Theorem 2.2, holds on a family of Spin'^-manifolds with Theorem 0.2 being 
one of its special cases. 

This paper is organized as follows. In Section 1, we recall a i^-Theory version of the 
equivariant family index theorem for the circle action case [LiuMaZ, Theorem 1.2]. As 
an immediate corollary, we get a i^-theory version of the vanishing theorem of Hattori for 
a family of almost complex manifolds. In Section 2, we prove the rigidity and vanishing 
theorem for elliptic genera in the Spin'^ case, on the equivariant i^-theory level. The 
proof of the main results in Section 2 is base on two intermediate results which will be 
proved in Sections 3 and 4 respectively. 

Acknowledgements. Part of this work was done while the authors were visiting 
the Morningside Center for Mathematics in Beijing during the summer of 1999. The 
authors would like to thank the Morningside Center for hospitality. The second author 
would also hke to thank the Nankai Institute of Mathematics for hospitality. 
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1 A i^T-theory version of the equivariant family index theorem 

In this section, we recall a ii'-theory version of the equivariant family index theorem 
[LiuMaZ, Theorem 1.2] for 5'^-actions, which will play a crucial role in the following 
sections. 

This section is organized as follows: In Section 1.1, we recall the i^-theory version of 
the equivariant family index theorem for jS^-actions on a family of Spin'^ manifolds. In 
Section 1.2, as a simple application of Theorem 1.1, we obtain a /T-theory version of the 
vanishing theorem of Hattori [Ha] for the case of almost complex manifolds. 

1.1 A X-theory version of the equivariant family index theorem 

Let M, B be two compact manifolds, let n : M B he a fibration with compact fibre 
X such that dimX = 21 and that acts fiberwise on M. Let h^^ be a metric on TX. 
We assume that TX is oriented. Let {W, h^) be a Hermitian complex vector bundle 
over M. 

Let V he a 2p dimensional oriented real vector bundle over M. Let L be a complex 
line bundle over M with the property that the vector bundle U = TX © V obeys 
0J2iU) = Ci{L) mod (2). Then the vector bundle U has a Spin'^-structure. Let /?/, 
be the corresponding metrics on V, L. Let S{U, L) be the fundamental complex spinor 
bundle for ([/, L) [LaM, Appendix D.9] which locally may be written as 

(1.1) S{U,L) = So(U)®L^'\ 

where Sq{U) is the fundamental spinor bundle for the (possibly non-existent) spin struc- 
ture on f/, and where L^/^ is the (possibly non-existent) square root of L. 

Assume that the .S^-action on M lifts to V , L and W , and assume the metrics 
hF-^ , hY , h^, are 5'^-invariant. Also assume that the 5'^-actions on TX, V, L lift 
to S{U,L). 

Let V"^^ be the Levi-Civita connection on (TX, h^^) along the fibre X. Let V^, 
and be the 5'^-invariant and metric-compatible connections on (V,/i^), (L,h^) 
and iW, h^) respectively. Let V^*^^'^-* be the Hermitian connection on S{U, L) induced 
by V^^® and (cf. [LaM, Appendix D], [LiuMaZ, §1.1]). Let V^^^'^)®^ be the 
tensor product connection on S{U, L) ®W induced by V^^^'^^ and V^, 

(1.2) ySiU,mw ^ yS(U,L) ^ 1 + 1 ^ v^. 

Let {ei}jLi (resp. {fj}^'Li) be an oriented orthonormal basis of {TX,h^^) (resp. 
{V, hX)). We denote by c(-) the Clifford action of TX © 1/ on S{U, L). Let ®Whe 
the family Spin'^-Dirac operator on the fiber X defined by 

21 

(1.3) D^'^W^Yl c(e,) Vff 

1=1 

There are two canonical ways to consider S{U, L) as a Z2-graded vector bundle. Let 

n 41 rs^i^c{ei)---c{e2i), 

^ ' Te = i'+^c(ei) • • • c{e2i)c{h) ■ ■ ■ c{hp) 
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be two involutions of S{U, L). Then = = 1. We decompose S{U, L) = S+{U, L) © 
S~{U, L) corresponding to (resp. Te) such that Ts\s±{u,l) = ±1 (resp. Te\s±{u,L) = ±1)- 

For T = Ts or Te, by [LiuMal, Proposition 1.1], the index bundle Indr(-D"^) over B 
is well-defined in the equivariant ii'-group Ksi{B). 

Let F = {Fa} be the fixed point set of the circle action on M. Then n : F^ ^ B 
(resp. TT : F — i> 5) is a smooth fibration with fibre Ya (resp. Y). Let n : N ^ F denote 
the normal bundle to F in M. Then = TX/TY. We identify as the orthogonal 
complement of TY in TX^p. Let /i^^, be the corresponding metrics on TY and 
induced by h'^^ . Then, we have the following S'^-equivariant decomposition of TX over 
F, 

TX\F = N^,®---® Nm, © TY, 

where each A^^ is a complex vector bundle such that g ^ acts on it by g'^. To simplify 
the notation, we will write simply that 

(1.5) TX\F = ®v^qN, © TY, 

where A^^, is a complex vector bundle such that g E acts on it by g^ with v E Z*. 
Clearly, A^ = (Bv^^oN^. We will denote by A^ a complex vector bundle, and A^r the 
underlying real vector bundle of A^. 
Similarly let 

(1.6) WiF = ®vW, 

be the 5* ^-equivariant decomposition of the restriction of W over F. Here Wy {v G Z) is 
a complex vector bundle over F on which g E acts by g"". 

We also have the following 5* ^-equivariant decomposition of V restricted to F, 

(1.7) V\F = ©,^oK © V^, 

where is a complex vector bundle such that g acts on it by g^, and V^^ is the real 
subbundle of V such that acts as identity. For v ^ 0, let K,r denote the underlying 
real vector bundle of Vy. Denote by 2p' = dimV^^ and 21' = dimy. 
Let us write 

;i.8) = L© ( OOdetA^^OOdetK" 



Then TY © has a Spin^ structure as U2{TY © V^) = Ci{Lf) mod (2). Let S{TY © 
V^, Lf) be the fundamental spinor bundle for {TY © V"q^, Lf) [LaM, Appendix D, pp. 
397]. 

Let , D^°' be the families of Spin'^ Dirac operators acting on S{TY ®V^, Lf) over 



F, Fa as ( |1.3| ). If R is an Hermitian complex vector bundle equipped with an Hermitian 
connection over F , let © R, D^" © R denote the twisted Spin'^ Dirac operators on 
S{TY © V^, Lf) © R and on S{TYa © V^, Lf) © R respectively. 

Recall that A^i,,r and K.r are canonically oriented by their complex structures. 
The decompositions (|1.5| ), ([L^ ) induce the orientations on TY and respectively. 
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Let {ei}fl-^^, {fj}j^i be the corresponding oriented orthonormal basis of (TY,h^'^) and 

(Vq^, h^<^). There are two canonical ways to consider S{TY © V^^, Lp) as a Z2-graded 
vector bundle. Let 

n Q^ = /c(ei)-- -0(62/0, 

^ ^ ^ Te = i''+^'c(ei)---c(e2/0c(/i)---c(/2,0 

be two involutions of S{TY © V^,Lf). Then r^^ = r^^ = 1. We decompose S{TY © 
I/R^Lf) = S'+(TF © V;)^,Lf) ©^"(Tr © V^^Lp) corresponding to (resp. Te) such 

that Ts|c;±(ryg5yR i^) = ±1 (rCSp. Te\s±{TY®V^ ,Lp) = ±1)- 

Upon restriction to F, one has the following isomorphism of Z2-graded Chfford mod- 
ules over F, 

(1.10) 5([/,L) ~5(ry © Vo^L^)(g)Aiv,(g)AK. 

We denote by Ind^-^, Ind^-^ the index bundles corresponding to the involutions r^, Te 
respectively. 

Let act on L by sending g ^ io g^" {Ic G Z) on F. Then Ic is locally constant 
on F. We define the following elements in i^(F)[[g^/^]], 

R^[q) = qh^v\v\dimN.-^^.vdimV.+^ic ^^^^ (sjin^, (N^) ® det nJ^ 

. . ^ ®„<oSymg-„(iV^) ©^^0 A±g''(K) g''W^= E„ ^±,ng", 

^- ^ i?'^(5) =5-is-Hdimiv,-is,^dimy,+i/e(g,^^^Sym^_.(Ar^) 

®„<o (Sym^. (A^^) ® det nJ^ ®^^o A±gv (K) ®^ = En ^±,n?"- 

The following result was proved in [LiuMaZ, Theorem 1.2]: 

Theorem 1.1 For n & Z, we have the following identity in K{B), 

IndrSD"" ®W,n) = E„(-l)''"<"^'"'^''Ind..(^''" ® R+,n) 
= EJ-l)'^"<"''""^"Ind..(/^^" © 
^ ^ ^ Ind^,(F>^ ® = Ea(-l)^°<"'^'"'^^Ind,.P^" ® ^-,n) 

= Ea(-1)^''^°'^™^'' Incite (^^" ® R'-,n)- 

Remcirk 1.1. If TX has an 5'^-equivariant Spin structure, by setting V — — C, 
we get [LiuMaZ, Theorem 1.1]. 

1.2 X-theory version of the vanishing theorem of Hattori 

In this subsection, we assume that TX has an (S^-equivariant almost complex structure 
J. Then one has the canonical splitting 

(1.13) (g)R C = T^^'^^X © T^^'^^X, 

where 



T^^x ^{zeTX ©R C, Jz = y/^z}, 
T(^,^)X ^{zeTX ©R C, Jz = -V^z}. 



Let Kx = det(T(i'°)X) be the determinant line bundle of T^^'^^X over M. Then the 
complex spinor bundle S{TX, Kx) for (TX, Kx) is A{T^°^^>X). In this case, the almost 
complex structure J on TX induces an almost complex structure on TY. Then we can 
rewrite ( pT5| ) as, 

(1.14) T'^mx = ®,^oN, © r(i'°)F, 

where are complex vector subbundles of T'-^'^^X on which g E acts by multiplica- 
tion by g^. 

We suppose that Ci(T(^'°)X) = mod(X) (X e Z,X > 2). Then the complex line 
bundle K^^ is well defined over M. After replacing the 5*^ action by its X-fold action, 
we can always assume that acts on K^!^ . For s G Z, let D-^ ® K'^^ be the twisted 
Dirac operator on A(r(°'^)*X) ® K'J^ defined as in ([T^ ). 

The following result generalizes the main result of [Ha] to the family case. 

Theorem 1.2 We assume that M is connected and that the action is nontrivial. If 
ci(T(i'°)X) = mod(X) (X G Z, X > 2), then for s e Z, -N < s < 0, 

(1.15) Ind(L)^ (g) K'J^) = in Kg^iB). 

Proof: Consider i?+(g), R'_^{q) of ([LTll ) with \/ = 0, = X^^^. We know 



, . = if n < ai = inf^dXlt; 1^1 dimX„ + (i + #) E,; dimX^), 

^'•""^ = if n > a2 = supj-i 1^1 dimX, + (| + #) E.^^imN,). 



As —X < s < 0, by ( |1.16| ), we know that ai > 0, 02 < 0, with ai or 02 equal to zero iff 



\v\ dimXt, = for all a, which means that the action does not have fixed points. 
From Theorem 1.1 (cf. [Z, Theorem A.l]) and the above discussion, we get Theorem 
1.2. ■ 

Remark 1.2. From the proof of Theorem 1.2, one also deduces that ® K^^ , 
are rigid on the equivariant X-theory level (cf. [Z, (2.17)]). 
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2 Rigidity and vanishing theorems in K-Theory 



The purpose of this section is to estabhsh the main resuhs of this paper: the rigidity and 
vanishing theorems on the equivariant i^-theory level for a family of Spin*^ manifolds. 
The results in this section refine some of the results in [LiuMa2] to the K-theoij level. 

This section is organized as follows: In Section 2.1, we state our main results, the 
rigidity and vanishing theorems on the equivariant X-theory level for a family of Spin'^ 
manifolds. In Section 2.2, we state two intermediate results which will be used to prove 
our main results stated in Section 2.1. In Section 2.3, we prove the family rigidity and 
vanishing theorems. 

Throughout this section, we keep the notations of Section 1.1. 

2.1 Family rigidity and vanishing Theorem 

Let TT : M — > S be a fibration of compact manifolds with fiber X and dimX = 21. 
We assume that acts fiberwise on M, and TX has an 5'^-invariant Spin"^ structure. 

Let V be an even dimensional real vector bundle over M. We assume that V has an 
S'^-invariant spin structure. Let W be an S'^-equivariant complex vector bundle of rank 
r over M. Let Kw = det{W) be the determinant line bundle of W. 

Let Kx be the S'^-equivariant complex line bundle over M which is induced by the 
(S^-invariant Spin"^ structure of TX. Its equivariant first Chern class Ci{Kx)s'^ niay also 
be written as Ci{TX)si. 

Let S{TX, Kx) be the complex spinor bundle of {TX,Kx) as in Section 1.1. Let 
S{V) = S+{V) © S-{V) be the spinor bundle of V. 

We define the following elements in i^r(M)[[g^/^]]: 



For G N*, let y = e^'^*/^ G C. Let Gy be the multiplicative group generated by y. 
Following Witten [W], we consider the fiberwise action Gy on W and W by sending 
y G Gj, to y on 1^ and on W. Then Gy acts naturally on Qi{W). 

Recall that the equivariant cohomology group Hgi{M, Z) of M is defined by 



where ES-^ is the usual universal 5'^-principal bundle over the classifying space BS^ of S^. 
So Hgi (M, Z) is a module over H*{BS^, Z) induced by the projection vf : M x 51 ES^ 
BS^. Let ^1(^)51, pi{TX)si G Hgi{M, Z) be the 5'^-equivariant first Pontrjagin classes 
of V and TX respectively. As F X51 ES^ is spin over M X51 ES^, one knows that 
Ipi{V)si is well-defined in H*i{M, Z) (cf. [T, pp. 456-457]). Also recall that 



(2.1) 



Qi{W) 

RiiV) 

R2{V) 

R3{V) 

Ra{V) 



O^LoA-.-W® (8)^=1 A-,"W, 
(5+(l-) + 5-(V^))®~,A,.(\/), 
{S+{V)-S-{V))®^^, K-AV). 
®~iA_^„-V2(V^), 
(8)~iA,„-i/.(y). 



(2.2) 



H*s,{M, Z) = H*{M X51 ES\ Z), 



(2.3) 



H*{BS\Z) = Z[[u\] 
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with u a generator of degree 2. 

In the foUowing, we denote by ® R the family of Dirac operators acting fiberwise 
on S{TX, Kx) (8) -R as was defined in Section 1.1. 

We can now state the main results of this paper as follows. 

Theorem 2.1 If uj2{W)s^ = U2{TX)s^, \pi{V + W - TX)si = e • W*u'^ {n e Z) in 
H*i{M, Z), and ci{W) = mod(A^). For i = 1, 2, 3, 4, consider the family of Gy x S^- 
equivariant elliptic operators 



i) If e — 0, then these operators are rigid on the equivariant K-theory level for the 
action. 

ii) If e < 0, then the index bundles of these operators are zero in Kq xS^{B)- In 
particular, these index bundles are zero in KcyiB). 

Remark 2.1 As U2{W)si = u;2{TX)si, lpi{W -TX)si E H*i{M,Z) is well defined. 
The condition uj2{W)s-i = uj2{TX)si also means Ci {Kw(^Kx^)si = mod(2), by [HaY, 
Corollary 1.2], the 5'^-action on M can be lifted to {Kw K^^Y^"^ and is compatible 
with the action on Kw ® Kx^- 

Remark 2.2 If we assume Ci{W)s^ = Ci{TX)si in H*,{M,Z) instead of uj2{W)si = 
uj2{TX)si in Theorem 2.1, then K\v K^^ is a trivial line bundle over M, and acts 
trivially on it. In this case. Theorem 2.1 gives the family version of the results of [De]. 

Remark 2.3 The interested reader can apply our method to get various rigidity and 
vanishing theorems, for example, to get a generalization of Theoreml.2 for the elements 



Actually, as in [LiuMaZ], our proof of these theorems works under the following 
slightly weaker hypothesis. Let us first explain some notations. 

For each n > 1, consider Z„ C S^, the cyclic subgroup of order n. We have the Z„ 
equivariant cohomology of M defined by H^^{M,Z) = H*{M Xz„ -E'5'^,Z), and there 
is a natural "forgetful" map q;(S'^,Z„) : M Xz„ ES^ — > M x^i ES^ which induces a 
pullback a{S^, Z„)* : H*^{M, Z) H^^{M, Z). The arrow which forgets the action 
ahogether we denote by a{S^, 1). Thus a{S\ 1)* : H*i{M, Z) H*{M, Z) is induced 
by the inclusion of M into M x^i ES^ as a fiber over BS^. 

Finally, note that if Z„ acts trivially on a space y, then there is a new arrow t* : 
E*{Y, Z) ^ a^jy, Z) induced by the projection Y x^^ES^ x SZ„ Y. 

Wc let Zoo = 5'^. For each 1 < n < +cxd, let i : M{n) — >• M be the inclusion of the 
fixed point set of Z„ C 5^ in M and so i induces 251 : M(n) x 51 ES^ — > M X51 ES^ . 

In the rest of this paper, we suppose that there exists some integer e e Z such that 
for 1 < n < +00, 



® {Kw ® K- 



x'y^' 1 Sym^„(rX) Qi{W) (g) Ri{V). 



[W, (65)]. 



(2.4) 



, ^uT o i*si {^Pi{V + W- TX)s^ - e ■ ru^^ 
= e o a{S\ ly o (lpi(V^ + W- TX)s.) 



) 
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Remark 2.4 The relation ( |2.4| ) clearly follows from the hypothesises of Theorem |2.1| by 
pulling back and forgetting. Thus it is weaker. 



We can now state a slightly more general version of Theorem B?T 



Theorem 2.2 Under the hypothesis i\2.4 ), we have 

i)lfe = 0, then the index bundles of the elliptic operators in Theorem 2.1 are rigid 
on the equivariant K-theory level for the S^-action. 

a) lfe<0, then the index bundles of the elliptic operators in Theorem 2.1 are zero 
as elements in Kcyxs^iB) . In particular, these index bundles are zero in KcyiB). 



The rest of this section is devoted to a proof of Theorem pl2. 



2.2 Two intermediate results 

Let F = {Fa} be the fixed point set of the circle action. Then vr : F — S is a fibration 
with compact fibre denoted by Y = {Y^}. 

As in [LiuMaZ, §2], we may and we will assume that 

^ ^ TX ®R C = TY ®R C eo<„(^^. © iV,), 

where is the complex vector bundle on which 5^ acts by sending g to g^ (Here 
can be zero). We also assume that 

where V^, are complex vector bundles on which 5*^ acts by sending g to g"", and Vq^ 
is a real vector bundle on which acts as identity. 

By (p.5|), as in ( |1.10| ), there is a natural isomorphism between the Z2-graded C{TX)- 



Clifford modules over F, 

(2.7) SiTY, Kx ©o<. (det N,)-')®o^,AN, ~ 5(TX, Kx)if. 

For R a complex vector bundle over F, let D^^ R, D^°' ® i? be the twisted Spin'^ Dirac 
operator on S{TY, Kx ®q<v (det A^^,)""^) ® -R on F, F^ respectively. 
On F, we write 

<N) = Eo<.^'dimAr„ d\N) = Eo<.^dimAr„, 

(2.8) e{V) = Eo<. dim K, d'{V) = Eo<. v dim K, 
e{W) = dim W^, d'{W) = ^^v dim W^. 

Then e(A^), e{V), e{W), d'{N), d'{V) and d'{W) are locally constant functions on F. 
By [H, §8], we have the following property, 

Lemma 2.1 If ci(W) = Omod(A^), then d'(W) mod(A^) is constant on each connected 
component of M. 
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Proof: As ci{W) = mod(A^), {KwY/^ is well defined. Consider the A^-fold covering; 
S^, with fi X = fi^ , then /i acts on M and Kw through A. This action can 
be lift to {KwY^^- On F, fx acts on {KwY^^ by multipication by /i"^*^^). However, if 
jj = ( = e^'^*/^, then it operates trivially on M. So the action of ( in each fibre of L is 
by multiplication by and a mod(A^) is constant on each connected component of M. 

The proof of Lemma 2.1 is complete. ■ 



Let us write 

L{N) = ®o<.(det N,y, L{V) = ®o<.(det K)", 
(2.9) LiW) = 0,^o{det W,y, 

L = L{N)-^®L{V)^L{W). 

We denote the Chern roots of A'^, by {xl} (resp. K by ul and by wl), and the 
Chern roots of TY C by {±2/j} (resp. Vq = ®r C by {±Uq}). Then if we take 
Zoo = 51 in Q, we get 

^'•^'^ = |(S.,,«)2 + J:^,{wif - E,{yjf - ^.M?)- 
By (PI), (|li, we get 

ci(L) = Eyjvul + T.yjvwl — Eyjvxl = 0, 

(2.11) e(l^) + e(iy) - e(Ar) ' 

= Eo<^ dim K + E^, dim - ^g^^ i;^ ^ 2e, 

which does not depends on the connected components of F. This means L is a trivial 
complex line bundle over each component Fa of F, and acts on L by sending g to 
(yf^*^, and acts on L by sending ?/ to y'^^^\ By Lemma 2.1, we can extend L to a 
trivial complex line bundle over M, and we extend the S'^-action on it by sending g on 
the canonical section 1 of L to g'^^ ■ 1, and Gy acts on L by sending y to y'^ 

The line bundles in ( p.9|) will play important roles in the next two sections which 
consist of the proof of Theorems |2.3| , p.4| to be stated below. 

In what follows, if R{q) = Zlmgiz -^^Q'"' G A'si(M)[[g^/^]], we will also denote 
Ind(D^ (g) Rm, h) by Ind(D^ (g) i?(g), m, h). For A; = 1, 2, 3, 4, set 

(2.12) = (Kh/ ® ^x')'^' ® Qi(W^) ® Rk{V). 

We first state a result which expresses the global equivariant family index via the 
family indices on the fixed point set. 

Proposition 2.1 For m G |Z, h E 7i, \ < k < A, we have the following identity in 

KGyiB), 

Ind(D^ Symg„(TX) ® m, /i) 

(2.13) = ^^(-l)So<.dimiv„j^^py, ^^^^ Symg„(TX) ® 

®Sym(©o<t)A't)) ®o<v det A't,, m, /i) 



10 



Proof: This follows directly from Theorem 1.1 and ( p2.7| ). ■ 

For p G N, we define the following elements in i^^5i(F)[[g]]: 

-^p(^) = <^o<v ( ®"=i Symg"(A^.) ®n>p. Symg„(iV,)) ®- ^ Sym^„(Tr), 

(2.14) -^p(^) = <^o<n<p. (Sym,-n(Ar,) ® det AT,), 

^-*'(X) =^p(X)®^;(X). 
Then, from ( [2. 51 ), over F, we have 

(2.15) J^°(X) = ®^^iSym^„(rX) ® Sym(©o<.iV.) ®o<. det N,. 

We now state two intermediate results on the relations between the family indices on 
the fixed point set. They will be used in the next subsection to prove Theorem 



Theorem 2.3 For 1 < k < 4, h, p E Z, p > 0, m E |Z, we have the following identity 
mKG,{B), 

Ea(-l)^"<"'^™^"Ind(L'^'^ O JP°(X) (g) m, /i) 
(2.16) = ^^(-l)P^'(^)+^«<-'^™^-Ind(L'^" ® J^-P(X) ® 

m + \p^e{N) + \pd'{N),h:). 

Theorem 2.4 For each a, 1 < k < 4, h, p G Z, p > 0, m G |Z, we have the following 
identity in Kcy^B), 

Ind(D^'^ ® J^-P(X) ® Rik, m + \pMN) + \pd'{N), h) 
^ ^ = {-l)P^'^^hnd{D^^ ^ J^'^iX) ^ Rik ^ L-P,m + ph + p'^e,h). 

Theorem is a direct consequence of Theorem p.5| to be stated below, which will 



be proved in Section 4, while Theorem 2.4 will be proved in Section 3. 



To state Theorem p75| , let J = {f G N| There exists a such that Xy 7^ on F^} and 

(2.18) $ = {/? e]0, l]|There exists v e J such that (3v G Z}. 

We order the elements in $ so that ^ = < i < Jo, Jo ^ ^ and Pi < Pi+i}. Then 

for any integer I < i < Jo, there exist Pi, rij G N, < Pi < Ui, with {pi,ni) = 1 such 
that 

(2.19) Pi=Pi/ni. 

Clearly, Pj^ = 1. We also set po = and Pq = 0. 
For 1 < j < Jo, P ^ N*, we write 

Jq = 0, the empty set, 
, . /J = {{v,n)\v e J, {p - l)v < n < pv, - = p - 1 + -^}, 

A = {("^5 ^ J,ip ~ 1)^ < n < pv, — > p — 1 + —}. 



V Uj 
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For < j < Jo, set 
(2.21) 

^p,,(X)=^p(X)®^;_i(X) (g) (Sym^_„(iV,)®detiV,) (g) Sym^„(iV„). 
Then 

^ ^ T,,j,{X)=T'nX). 

For s G R, let [s\ denote the greatest integer which is less than or equal to the given 
number s. For < j < Jq, denote by 

e{p, P„ N) = \ Eo<.(dim K) ((p - 1)^; + [^]) [{p - l)v + [^] + 1 
d'{p,(3,,N) = Eo<.(dimiV.)([^] + (p- 1)^;). 

Then e{p,(3j,N) and d'{p, jSj, N) are locally constant functions on F. And 

e(p, /3o, iV) = - l)'e(iV) + i(p - l)rf'(iV), 
(2.24) e(p,/3j„iV) = ^p^dN) + \pd'{N), 

d'{p, N) = d'ip + 1, /3o, N) = pd'{N). 



Theorem 2.5 For I < k < A, I < j < Jq, p E N% h e Z, m e |Z, we /iave i/ie 
following identity in Kq {B), 



(2.25) 



m + e{p,Pj-i,N),h) 
m + e(p, /?j,X),/i). 



Proof. The proof is delayed to Section 4. 



Proo/ o/ Theorem : From ( ^1221) , (|]2§, and Theorem for 1 < fc < 4, /i € Z, 
p G N* and m G |Z, we have the following identity in KcyiB): 



(2.26) 



m+ip2e(Ar) + ipd'(Ar),/i) 

= Ea(-l)'^'^^'^'''^^'^^°^"'^'°'^"Ind(D^" ®^-P+l(X) 

m + i(p - l)2e(X) + \{p - l)d\N), h). 



From (12:2^) , (121261) , we get Theorem |]3 
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2.3 Proof of Theorem ^ 

As Ipi{TX - W)si e H*,{M, Z) is well defined, by and {^J^, 

(2.27) rf'(A^) + d'{W) = mod(2). 

From Proposition 2.1, Theorems U, U, (12^231) , ( ^^271) , for 1 < /c < 4, G Z, 
p > 0, m G |Z, we get the following identity in Kcy^B), 



(2.28) 

with 
(2.29) 



Ind(D^ Symg„(TX) ® R^k, m, h) 
= lnd{D^ Sym„„(TX) ® 



L-P,m',h), 



m 



m + ph + p^e. 



Note that from (2.1), ( p.l2| ), if m < 0, or m' < 0, then two side of ( |2.28|) are zero in 
KcyiB). Also recall that y E Gy acts on the trivial line bundle L by sending y to y'^ 

i) Assume that e = 0. Let h E Zi, niQ G |Z, /i 7^ be fixed. If h > 0, we take 
m' = mo, then for p big enough, we get m < in (p.29|) . li h < 0, we take m = mo, then 
for p big enough, we get m' < in (|2.29|) . 

So for /i 7^ 0, mo G |Z, 1 < < 4, we get 



(2.30) 



Ind(D-^ ®~iSym^„(rX)®/?ifc,mo,/i) = in Kg,{B). 



ii) Assume that e < 0. For h E Z, niQ E |Z, we take m = mo, then for p big enough, 
we get m' < in (|2.29| ), which again gives us ( p.30| ). 

The proof of Theorem |2.2| is complete. ■ 

Remark 2.5: Under the condition of Theorem 2.2 i), if d'{W) 7^ mod(A^), we 
can't deduce these index bundles are zero in KGy{B). If in addition, M is connected, by 
(|2:28| ), for 1 < A; < 4, in KcyiB), we get 



(2.31) 



lnd{D 



X ^00 



1 Sym „(TX) ® 



Ik) 



Ind(D 



X ^00 



,SymJTX)0R,k)0[d'{W)]. 



Here we denote by [c?'(Vr)] the one dimensional complex vector space on which y E Gy 
acts by multiplication by y'^^^K In particular, if i? is a point, by ( p.31|) , we get the 
vanishing theorem analogue to the result of [H, §10]. 



Remark 2.6: If we replace ci{W) = mod{N),y = e^'^''^ by ci{W) = 0,y = e'^'^''\ 
with c G R\Q in Theorem 2.2, then by Lemma 2.1, d'iW) is constant on each connected 
component of M. In this case, we still have Theorem 2.2. In fact, we only use ciiW) = 
mod(A^) to insure the action Gy on L is well defined. So we also generalize the main 
result of [K] to family case. 
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Proof of Theorem ETl 



This section is organized as follows: In Section 3.1, we introduce some notations. In 
Section 3.2, we prove Theorem |2.4| by introducing some shift operators as in [LiuMaZ, 
§3]. 

Throughout this section, we keep the notations of Section 2. 



3.1 Reformulation of Theorem 12.4 



To simplify the notations, we introduce some new notations in this subsection. For 

1 

no G N*, we define a number operator P on _ft'5i(M)[[g"o]] in the following way: if 

1 

R{q) = ©„gj_zQ'"-Rn £ -^5i(^)[[?"°]]) then P acts on R{q) by multiplication by n 
on Rn. From now on, we simply denote Sjmg„{TX), Aqn[V) by Sym(TX„), A(V"„) 
respectively. In this way, P acts on TXn, Vn by multiplication by n, and the action P 
on Sym(TX„), A(V^) is naturally induced by the corresponding action of P on TX„, 

Vn- So the eigenspace of P = is just given by the coefficient of g" of the corresponding 

1 

element R{q). For R{q) = ©„eJ_zQ'"-Rn ^ Ksi{M)[[q'^o]], we will also denote 

(3.1) lnd{D^ R{q),m,h) = lnd{D^ ® R^, h). 

Let H be the canonical basis of Lie(S'^) = R, i.e., exp{tH) = exp(27rit) for t G R. 
If E is an S'^-equivariant vector bundle over M, on the fixed point set F, let Jh be the 
representation of Lie(S'^) on E\f- Then the weight of action on T[F, E\p) is given by 
the action 

(3.2) Jh = ^V^Jh. 

ZTT 

Recall that the Za grading on S{TX, Kx) ®^=i Sym(TX„) (resp. S{TY, Kx ® 
®o<^;(det N^)-^)®J^-P{X)) is induced by the Zg-grading on S{TX, Kx) (resp. S{TY, Kx^ 
®o<^(det A^j-i)). Let 

(3.3) F^ = ®„gN+iA(K), 



There are two natural Z2 gradings on Fy, Fy (resp. Q{W)). The first grading is 
induced by the Za-grading of SiV) and the forms of homogeneous degree in A(y„), 
®„gN+i^(^) (resp. Q{W)). We define Te|i?^± = ±1 (resp. ti\q{w)^ = il) to be the 
involution defined by this Za-grading. The second grading is the one for which Fy 
{i = 1, 2) are purely even, i.e., F^^ = Fy. We denote by = Id the involution defined 
by this Z2 grading. Then the coefficient of g" {n G iZ) in (2.1) of Ri{V) or R2{V) 
(resp. RsiV), i?4(V"), or Qi(W)) is exactly the Za-graded vector subbundle of {Fy,Ts) 
or {Fy, Te) (resp. (Fy, Te), (Fy, r^) or {Q{W), ri)), on which P acts by multiplication by 
n. 
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We denote by Xe (resp. by r,) the Zg-grading on S{TX, Kx) ®n=i Sym(TX„) ® 
{k = 1, 2) induced by the above Z2-gradings. We will denote by Tgi (resp. by Tsi) the 
Za-gradings on S{TX, Kx) ® ®^=iSym(rX„) ® ® Q{W) defined by 

(3.4) Tel = Te ® 1 + 1 ® ri, r,i = T, ® 1 + 1 ® Ti . 

Let /i^" be the metric on induced by the metric on V. In the following, we 
identify AV^^, with AV^ by using the Hermitian metric h^'" on V^. By ( p.6| ), as in (|1.10|) , 
there is a natural isomorphism between Za-graded C(V) -Clifford modules over F, 

(3.5) S{V^, ®o<v{det K)-')§o<.AK ^ 5(V)|p. 



By using the above notations, we rewrite ( p.l4| ), on the fixed point set F, for p G N 



^p{X) = <S>o<v 0^=1 Sym(iV,,„) (8)„eN, Sym(iV,,„) <S)Zi Sym(TF„), 

V n>pv ' 

(3-6) ^^(X) = (8)o<.„,„6N, (Sym(Ar,,_„) ® det AT,' 

0<n<pv V / 

^-P(X) = ^p(X)®^;(X). 
Let Vq = Vf^ Or C. From (^, (^, we get 

^'(X) = <S>n=i Sym( ©o<. (A^.,n © Nv,n)) (g)^ i Sym(Ty; 
(g) Sym(©o<^A^i,^ © det(©o<„A'i,), 
(3 7) Fv = 0^=1 A(©o<^(K,n © V^^n) © Vb,„) 

©^(Vo^, ©o<^(det K)"^) ©o<^ A(K,o), 

— (S'o<neZ+l/2 A(©0<i)(K,n © V't,,^) © V^^n), 
Q(W^) = (8)^=0 A(©.W^.,n)(8)"=lA(©.W^.,n). 



Now we can reformulate Theorem 2.4 as follows. 



Theorem 3.1 For each a, h, p E Z, p > 0, m E |Z, for i = 1, 2, t = t^i or Tsi, we 
have the following identity in KcyiB), 

lndr{D^- © {Kw © i^x')'^' ® J^-P{X) © © Q{W), 
m+\p^e{N) + \pd'{N),h) 
^ ' = (-l)P^'Wlnd,(D^- © {Kw © i^x')'^' ® © 

©(5(W^) © L-P, m + ph + p^e, h). 

Proof : The rest of this section is devoted to a proof of Theorem 3.1. ■ 
3.2 Proof of Theorem 3.1 

Inspired by [T, §7], as in [LiuMaZ, §3], for p G N*, we define the shift operators, 

^ ■ 7v — > 7v 

'*■-'' v,n ' v,n—pvi 

r -W — > ly 

' * ■ ^ v,n ^ v,n—pv 

Recall that L{N), L(W), L(y) are the complex line bundles over F defined by (|2.9D. 
Recall also that L = L{N)^^ © L{W) © L{V) is a trivial complex line bundle over F, 
and g E acts on it by multiplication by (7^^. 







N - 


A!^v,n+pvi 


(3.9) 






^^v,n+pv 








* ^v,n+pvi 
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Proposition 3.1 For p G Z, p > 0, i = 1, 2, there are natural isomorphisms of vector 
bundles over F, 

.oin^ r.{:F-P{X))^T\X)®L{Nr, 

^ ' r,{Fi,)c::iFi,®L{V)-P. 

For any p G Z, p > 0, there is a natural Gy x S^-equivariant isomorpism of vector 
bundles over F, 

(3.11) r,{Q{W))c^Q{W)®L{W)-P. 



Proof: The equation ( p.lO| ) was proved in [LiuMaZ, Prop. 3.1]. To prove ( |3.11 



we 



only need to consider the shift operator on the following elements, 

(3.12) Qw = <S)n=oM®v^oW,,n)<S>n=lM®v^oW,,n)- 

We compute easily that 

(3.13) r,Qw = <S>n=oH®vjtoW^,n-pv) <S>n=l H®v^oW^,n+pv) ■ 

Let be a Hermitian metric on W. Let /i^" be the metric on induced by . 
As in [LiuMaZ, §3], the hermitian metric on Wy induces a natural isomorphism of 
complex vector bundles over F, 

(3.14) AWy ~ A'^'-^^^-W^ ® det W^. 



• If f > 0, for n G N, < n < pv, < i < dimW^,, ( ^.14 ) induces a natural 
Gy X 5'^-equivariant isomorphism of complex vector bundles 

(3.15) A'Wy^n-pv ^ A'^*"'^'^-W,,_„+p, det W,. 



• If I' < 0, for G N, < n < —pv, < i < dimiy^,, ( |3.14[ ) induces a natural 
Gy X S'^-equivariant isomorphism of complex vector bundles 

(3.16) A'Wy,n+pv ^ A''''^'^--W,,.n-pv ® idetW,)~\ 

From (U), (|37[5| ) and ( CT) , we have 



A'-W,,n-pv (X) ^'"W., 



,n—pv v,n+pv 

nSN,t)>0, neN,i;<0, 

/Q -| y\0<n<pv 0<n<—pv 

~ (g) A<i'-^''-"iy,,_„+p, (g) A'i'-^"-^"W^,,_„_p,®L(iy)-P. 

neN,t;>0, nSN,w<0, 

0<n<pj; 0<n<— pi! 



From dg), (PT7| ), we get ( pip 



The proof of Proposition 3.1 is complete. 
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Proposition 3.2 For p G Z, p > 0, i = 1, 2, the Gy-equivariant bundle isomorphism 
induced by ( \3.1(] ) and (\3.11\ ), 

r, : 5(TF, Kx ®o<v (det N,)-^) ® {Kw ® i^x')'^' 

^ ^(TF, Kx ®o<v (det A^,)-!) ® {Kw ® i^^')'^' 
®J^O(X) ® ® Q{W) ® L-P, 



(3.18) 



verifies the following identities 

r^^ ■JH-r^ = 3h, 



(3.19) 

For the 7i2-gradings, we have 
(3.20) 



r-^-P-r, = P + pJh + p^e - \p^e{N) - U'{N). 



Proof : We divide the argument into several steps. 

1) The first equation of ( p.l9| ) is obvious. 

2) a) From [LiuMaZ, (3.23)] and (|2]|), for z = 1, 2, on F^, we have 



(3.2i; 



r;^Pr, = P + pJh + -p^e{V). 



b) Note that on ®o<:vfi<n<pv det N^, Jh acts as pe{N) + d'(N). On S{TY,Kx ® 
det(©o<.Ar,)-i) {Kw®Kx^fl\ Jjy acts as -\d'{N) + \d'{W). From (p]), (pj), on 
5(TF, i^x ® det(©o<.Ar.)~') ® (^vf ® ^x')'/' ® ^-^(X), 



(3.22) 



r;iPr, = P + pj^ - p2e(Ar) - -p(rf'(X) + rf'(Vr)). 



c) From (|2]|), ( ^.17] ), on (g)„eN,.>o, A*"Vrt,,„ nsN,„<o, A*"PK,n, one has 

0<n<pt) 0<n<—pv 



(3.23) 



'^Pr^= (dim — «„)(— n +pi)) + (dim — z^)(— n — pw) 



ngN,u>0, 

0<n<p?; 



n6N,tJ<0, 

0<n<—pv 



P+pJh+ ^ (dimiy„)(-n + pf) + ^ {dimWy){-n - pv) 



n£N,v>0, 

0<n<pv 



ngN,t)<0, 

0<n<— pi) 



P + pJh + y^e{W) + yd'iW). 



From ( PTTD , ( p:^ , ( p:^ and ([O^ ), we get the second equahty of (^). 

3) The first two identities of ( |3.20| ) were proved in [LiuMaZ, Proposition 3.2]. 

For the Z2-grading ri, it changes only on (yyneN,D>o, A^^Wyn. From 
r ' ' - ' ' - - 

U), ( glTl) , we get the last equality of ( ^201) . 
The proof of Proposition 3.2 is complete. 



0<n<pii 



0<n<—pv 



Proof of Theorem 3.1 : From ( |2.11D , 
Theorem 3.1. 



and Propositions 3.2, we easily obtain 
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Proof of Theorem 12.5 



In this section, we prove Theorem |2.5| . As in [LiuMaZ, §4], we will construct a family 
twisted Dirac operator on M{nj), the fixed point set of the induced Z„^. action on M. By 
applying our i^-theory version of the equivariant family index theorem to this operator, 
we prove Theorem |2.5| . 

This section is organized as follows: In Section 4.1, we construct a family Dirac 
operator on M{nj). In Section 4.2, by introducing a shift operator, we will relate both 
sides of equation (|2.25|) to the index bundle of the family Dirac operator on M{nj). In 



Section 4.3, we prove Theorem |275. 



In this section, we make the same assumptions and use the same notations as in 
Sections 2, 3. 



4.1 The Spin"^ Dirac operator on M{nj) 

Let TT : M — i> S be a fibration of compact manifolds with fiber X and dimRX = 21. We 
assume that S*^ acts fiberwise on M, and TX has an S'^-invariant Spin'^ structure. Let 
F = {Fa} be the fixed point set of the S'^-action on M. Then vr : F — >■ 5 is a fibration 
with compact fiber Y. For ri G N, n > 0, let Z„ C S"^ denote the cyclic subgroup of 
order n. 

Let y be a real even dimensional vector bundle over M with an S^-invariant spin 
structure. Let W be an S'^-equivariant complex vector bundle over M. 

For Uj G N, Uj > 0, let Mijij) be the fixed point set of the induced Z„^.-action on 
M. Then tt : M{nj) B is a fibration with compact fiber X[nj). Let N[nj) — *■ M{nj) 
be the normal bundle to M{nj) in M. As in [LiuMaZ, §4.1], we see that N{nj) and V 
can be decomposed, as real vector bundles over M{nj), to 

2 

0<v<nj/2 

V\M(n,) ^ V{nX ® V{n,), © V{nj)^ 

2 

0<v<nj/2 

respectively. In ( [4.1|) , the last term is understood to be zero when rij is odd. We also 
denote by V{nj)(), V"(nj)^, N{nj)r^ the corresponding complexification of the real vector 

bundles Virij)^^ V{nj)\ and N{nj)\ on Mijij). Then N{nj).u, V^(nj)^'s are complex 

"2" "2" 

vector bundles over M{nj) with g G Z„^. acting by g'" on it. 

Similarly, we also have the following Z„^ -equivariant decomposition of W on M{nj), 

(4.2) W = (Bo<v<n,W{n,),, 

Here W{nj)^ is a complex vector bundle over M{nj) with g G Z„^. acting by g^ on it. 

It is essential for us to know that the vector bundles TX{nj) and V{nj)^ are ori- 
entable. For this we have the following lemma which generalizes [BT, Lemmas 9.4, 
10.1], 

Lemma 4.1 Let R be a real, even dimensional orientable vector bundle over a manifold 
M. Let G be a compact Lie group. We assume that G acts on M, and lifts to R. We 
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assume that R has a G-invariant Spiff structure. For g G G, let be the fixed point 
set of g on M. Let Rq be the subbundle of R over on which g acts trivially. Then 
Rq is even dimensional and orientable. 

Proof : Let be the metric on R which is induced from the Spin^ structure on R. As 
g preserves the Spin*^ structure of R, g is an isometry on R and preserves the orientation 
of R. On M^, we have the following decomposition of real vector bundles, 

R = Rq ® -Ri . 

Since the only possible real eigenvalue of g on Ri is —1, and det{g\Rj = 1 on M^, we 
know that dim^ Ri = dimR R — dim^ Rq must be even. So dim^ Rq is even. 

Let Kfi be the G-equivariant complex line bundle over M which is induced by the 
Spin^ structure of R. Now the action of g on the fiber of the complex spinor bundle 
S{R, Kr) at X e M3 gives an element g G Spin'=(i?^.) = Spin(i?^.) 5^ C C{R.^) (g)R C, 
here C{Rx) is the Clifford algebra of R^- Let = (gi,s), with gi G Spin(_R^), s G S^. 
Let p : Spin(i?a.) — * SO^R^) be the standard representation of Spin(i?j.), then p(gi) = g. 
So gc{a) = c{ga)g for a & R^- Here we denote by c(-) the Clifford action. This means 
that 'g commutes c(a) for a G -Rqx, so G Spin'^(-Ria;) = Spin(i?ij.) 5'^ C C{Rix) ®rC 
and 'gi G Spin(i?ia;). 

Let ei, ■ ■ ■ , e2k be an orthonormal basis of Rix, then ei^ - ■ ■ e-i^ (1 < ii < ■ ■ ■ < 
ij < 2k) is an orthonormal basis of the complex vector space C{Rix) Cg)R C. We define 
a : C{Rix) ®R C ^ det(i?i^.) ®r C by 

cr(ej, ■ ■ ■ = ei A ■ ■ ■ A e2fc if j = 2k = dimR Ri, 
= otherwise. 

By [BGV, Lemma 3.22], 

(4.3) \a{g)\ = \a{g,)\=det'/\{l-g\n.)/2). 

So a(g) is a nonvanishing section of det(i?i) (8>r C, det(i?i) (8>r C is a trivial complex 
line bundle on F. So det(-Ri) is trivial, and Ri is orientable. So Rq is orientable. 

This completes the proof of Lemma 4.1. ■ 

By Lemma 4.1, TX{nj) and V{nj)^ are even dimensional and orientable over M{nj). 
Thus Nijij) is orientable over M{nj). By (|4.1|), N{nj)^^ and V{nj)^j are also even 

dimensional and orientable over M{nj). In the following, we fix the orientations of 
N{nj)^j and V{nj)^j over M{nj). We also fix the orienations of TX{nj) and V{nj)^ 

"2" ~ 

which are induced by (|4.1|) and the orientations on TX, V, N{nj)^j and V{nj)^^ . 
Let 

(4.4) r(n,) = l(l + (-l)"0. 
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Lemma 4.2 Assume that l\2.4\) holds. Let 



L{n,) = <S)o<v<n,/2 [det{N{nj),) ® det{V{nj),) 

(4-5) ^ (r{nj)+l)t; 

be the complex line bundle over M{nj). Then we have 
i) Lirij) has an n^^ root over Mijij). 
a) Let 



Li = Kx (8)o<.<„,/2 (det(iV(n,),) det(V(n, 
(4.6) ® det(Vr(n,)„,./2) ® L{n.;y<''^^l-^K_ 

L2 = Kx (8)o<.<n,/2 (det(iV(n,),)) ® dei{W{n,)r.^„) ® L{n,r^-^)l^-K 

Let Ui = TX{nj) © V{nj)f and U2 = TX{nj) © V{nj)%. Then Ui (resp. U2) has a 

2 

Spin'^ structure defined by Li (resp. L2). 

Proof : Both statements follow from the proof of [BT, Lemmas 11.3 and 11.4]. ■ 

Lemma 4.2 allows us, as we are going to see, to apply the constructions and results 
in Section 1.1 to the fibration M{nj) — > B, which is the main concern of this section. 
For G N, pj < Uj, {pj,nj) = 1, Pj = let us write 



Sym(TX(nj)„) (8)o<^<„^/2 Sym(^0o< N{ 



)v,n 



0o<nez-p,./n, ^K-).,nj ®o<nez+i Sym( Ar(n,- ) :^^„) 

^viPj) = A(©0<n6Z V{nj)o,n®o<v<n,/2 ( 0O<neZ+p,./n, ^(«j)-,n 



©0<neZ-pjt)/"j ^^'"'j^v,n) ®0<neZ+i ^("-jOzLL^n^ 
FviPj) = A( ©0<neZ V^(^i)!LL,„ 0o<.<n,/2 ( 0O<neZ+p,./n, + i ^K)-/ 

®0<n&Z-pjv/n, + ^^i'^j)v,n) ®0<neZ+i Vi'^j)o,n^, 
QwiPj) = A^0o<^<nj ( 0O<neZ+pjD/nj ^(%)»'," 0O<neZ-pjt)/n^ ^(%)D,n))- 

We denote by D^^""^^ the S'^-equivariant Spin'^-Dirac operator on S{Ui^ Li) or S{U2, L2) 
along the fiber X{nj) defined as in Section 1.1. We denote by D^^"^) © J^(/3j) ©F^(/3j) © 
QwiPj) {i = I5 2) the corresponding twisted Spin*^ Dirac operator on S{Ui, Li)®T{(3j) © 
Fi,{l3j) © Qw{(3j) along the fiber X{nj). 

Remark 4.1. In fact, to define an 5*^ (resp. Gj/)-action on L{njY^^^^^^^ , one must 
replace the S^-action by its nj-fold action (resp. the Gj^-action by G i/n -action). Here 
by abusing notation, we still say an 5*^ (resp. Gj^)-action without causing any confusion. 
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In the rest of this subsection, we will reinterpret all of the above objects when we 
restrict ourselves to F, the fixed point set of the action. We will use the notation of 
Sections 1.1 and 2. 

Let Np/M{nj) be the normal bundle to F in Mijij). Then by (p.5|), 

= 0o<i,:t,Gn,Z^*" _ 

^ ■ ' TXirij) ®R C = TF ®R C ©o<.,.en,z {N, © N,). 

By ( p.5|) , (p.6|) and ( [4.1D , the restriction to F of N{nj)y, V{nj)^ (1 < < 'n.j/2) is given 
by 

N{n,)^= iV,, - 

/ . „\ 0<d':d'=i; mod(nj) 0<v' :v'=—v mod(nj) 

V^(?^,). = V,,. 

0<v':v'=v mod(nj) 0<v' ■.v'=~v mod(nj) 

And 



AT,,, 



(4.10) ^ri.Oo = ^0"" ®R C iK(BV,). 

0<v,v=0 mod(nj) 

By ( [4.8| )-( ^TT(] ), we have the following identifications of real vector bundles over F, 



mod(n,j) ' ^ ' 



(4.11) 



^^(^^)=^^eO<.,.=0 mod(n,)^^, 
^(^i)o = ^0 0O<-u,-u=O mod(nj) ' 
^(^i)-L = 0O<^,^=^ mod(nj) 

By (|2.6| ) and ([4.2|) , the restriction to F of iy(nj)t, (0 < 1; < -n-j) is given by 

(4.12) W{nj)^ = (n,)Wy'. 

We denote by Vq = V^^ ©r C the complexification of Vq^ over F. As {pj.rij) = 1, we 
know that for f G Z, pjv/rij G Z iff v/rij G Z. Also, Pjv/nj E Z + ^ iS v /rij E Z + ^. 
From (148| ) - (|4T^) , we then get 

(4.13) 

Hf^j) = ®o<n6zSym(Tr„) <^o<v,v=o,^ modK) (S)o<n6Z+^^ Sym(Ar„,„ © Ar,,„) 

(S)o<^'<n,/2 Sym( ©^=^' mod{nj) ( ©o<„6Z+^ ©o<neZ-^ ^^.^ 

©t;=-t,' mod(nj)( ©o<„eZ+^ ®0<neZ-Si^ A^«,n 



F^(/3j) = A ©o<„GZ K),n 0o<^,,^,=O,:^ modK) ( ©0<neZ+^ ^^,n ©o<„gZ-^ '^^.^ 



0O<i>'<n,/2 ( ®v=v'-v' 



mod(nj) I ^0< 



1 ^v,n 



0O<t,'<n,/2 ( ®v=v'-v' mod{n,) ( ©o<„eZ+Si^ + i ^i'." ®0<n6Z-^ + i 
QwiPj) = ^( 0.U ( ®0<neZ+pjv/nj ^v,n ®0<neZ~pjv/nj 
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Now, we want to compare the spinor bundles over F. From ( |4.5| ), ( [4. 61 ), ( [4. 91 ) and 
( |4.12| ), we get that over F we have the identities 



L{nj) 



(S)o<.'<n,/2 ( 0.=.' mod(n,)(det ® det V, ® det W^f^ 
0.=-.' mod(n,)(det iV„ ® det V, ® det W,)-^-' 



(414) L, = Kx® L{n,r(-^y-^ (g)o<.'<n,/2 ( 0.=. 



' mod(7ij) 



(det (g) det 



modK)(det AT, ® det 0^^:^ det 



From ( [4.11| ), we have, over F, 



detWy. 



TXirij) © V{nj)f = TY ® ©o<t,,^=o mod{n,) (A^^ © K), 

2 ' 2 ^ J' 

Recall that the Spin*^ vector bundles f/i, U2 have been defined in Lemma 4.2. Denote by 
(4.16) 



s{u^,l^)' = s(ty®v^,l^ 



(det A^^ © det K)"^) (g) AK 



0<v. 
D=0 mod(raj) 



0<u, 
i)=0 mod(nj) 



(det A^^)-^ 



(detK)-' 



0<v, 
v=0 mod(nj) 



0<v, 



y=-^ mod(nj) '"~~2' ™od(nj) 



Then from (|1.10| ) and ( ^.16| ), for z = 1, 2, we have the following isomorphism of Clifford 
modules over F, 



(4.17) 



^(f/i,Li) ~5(f/„L,)'©A(© 

0<v,v=0 mod(nj) 



We define the Z2 gradings on S{Ui, Li)' {i = 1, 2) induced by the Z2-gradings on S(Ui, Li) 
{i = 1, 2) and on A(©o<t,,t,=o mod{n )Nv) such that the isomorphism ( [4.17[ ) preserves the 
Z2-grading. 

We introduce formally the following complex line bundles over F, 



L[= LI 



L' 



^© o<., (detA^„©detK,) ®o<i> (detA^„©detV;)"^®^x 

11=0 mod(nj) 

L^^ © o<«, det Ny © o<v, det K, ©o<^ (det N^)~^ © Kx 

v=0 mod(nj) v=nj/2 mod{nj) 



1/2 



1/2 



From ( |1.10| ), Lemma 4.2 and the assumption that V is spin, one verifies easily that 
Ci{L'i) = mod(2) for i = 1, 2. Thus L[, L'2 are well defined complex line bundles over 
F. For the later use, we also write down the following expressions of (i = 1, 2) which 
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can be deduced from ( [4.141 ): 



L; = L{n,)-'(^^y^^ (det ® det V, ® det W, 



(4.18) 



^"j ^, AdetN^y^ ^ ^ ,(detK)"\ 

U<i'<-^ mod(nj)^ ^<v<nj mod(nj) ^ "J ^ 



L' 



L(^^.)-rK)/n. ^^^^ (det ® det K ® det IV.) 



'^0<i'<^mod(nj) 



„,)(detiV.)-^ 



From ( [4.14| ), ( [4.16| ), and the definition of (^ = 1, 2), we get the following identifi- 
cations of Clifford modules over F, 

5(f/i, Li)' ® L[ = S{TY, Kx ®o<v (det iV,)-i) ® SiV^^, ®o<.(det K)"') 
(4.19) ®A(© 0<v,v=0 mod(nj) K), 



5(f/2, ^2)' ® = '5(Ty, iTx ®o<. (det AT,)-!) ® A(( 



Let 



(4.20) 



A{nj,N)= dimN^ + o{N{nj)^ 

^<v'<njO<v=v' mod(nj) 

A{nj,V)= J2 dimK + o(V'(^i)^ 

^<v'<n,0<v=v' mod(nj) 



7 ""I 1 / \ 



1 1 1 
2 
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with o(A^(nj)?;, ) = or 1 (resp. oiyinj)'^^ ) = or 1), depending on whether the given 

"2" ~ 
orientation on A^(nj)?, ( resp. V{nj^^ ) agrees or disagrees with the complex orientation 

"2" ~2" 

of © Ai \Nv (resp. © 

v=^ mod(nj) " ^ ^ v=^ mod(7ij) 

By [LiuMaZ, §4.1], (|]I2]) and (|iT7| ), for the Za-gradings induced by r^, the dif- 
ference of the Z2-gradings of ( |4.19| ) is (— 1)^{"j'^); for the Z2-gradings induced by 
Te, the difference of the Z2-gradings of the first (resp. second) equation of ([4.19|) is 



A{nj,N)+oiV(nj)^. ) 



4.2 The Shift operators 

Let p G N* be fixed. For any 1 < j < Jo, inspired by [T, §9], as in [LiuMaZ, §4], we 
define the following shift operators Vj^: 



r- ■ N 



^v,n+(p—l)v+pjv/nji ^j* • ^v,n 



N. 



v,n—{p—l)v—pjv/nj J 



(4.21) Tj^ . Wjj^n ^ ^^v,n+(p—l)v+pjv/njy ^j* • ^^v,n ^ ^^v,n—{p—l)v—pjv/njy 
Tjif . Vv,n Vy^n+{p—l)v+pjv/nji "^j* ■ v,n '^v,n—{;p~l)v—pjv/nj- 

If ii^ is a combination of the above bundles, we denote by rj^E the bundle on which 
the action of P is changed in the above way. 

Recall that the vector bundles Fy {i = 1, 2) have been defined in (|3??| ). From (|2.21|) , 
we see that 



(4.22) 



^pAX) = J'piX) ® ^;_i(X) <S>i^^)eui^jf (Sym(iV,,_„) ® det 
0(t,,n)G7,^Sym(iV„,„). 
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Proposition 4.1 There are natural isomorphisms of vector bundles over F, 

r,,F^ ^ SiV,^, ®o<.(det K)"^) ® (8)o<.,.=o mod(n,) A(V;,o) 

(4-23) ^ 

r,,Q(iy) ^ Qh^(/5,) ®o<. (det (8)o<.,.=o mod(n,)(det 

®,<o(detiy,)f"^'"^^~'^^ 

Proof : The proof is similar to the proof of Proposition 3.1. 

Note that, by (|2.19|) , for f G J = {f G N| There exists a such that A^^, 7^ on 
Fa}, there are no integer in ] ^~^^^ , ^[. So for v E J, the elements G U*i;^/f are 

(f , (p — 1)1; + 1), ■ ■ ■ , (f , (p — l)f + [^^]) for io = j — 1, j. Furthermore, 

[^Zzl!!] = [^] _ 1 if ^; = o mod(n,), 

(4-24) ^p^i-A 

M = M— if f 7^ mod(?T,,). 



By using (p.7|), ( |4.21| ), ( |4.22| ), (^.24| ), we can prove the first four equalities of ( [4 .231 ) as in 



the proof of [LiuMaZ, Proposition 4.1]. 

From ( ^.14[ ), we have the natural Gy x S^-equivariant isomorphisms of complex vector 



bundles over F, 



(4.25) 



A'"W . P,-. ~ (9) pAivaW.-i^^ 

v,n—(p—l)v — ^ '"i~'^+(P~l)''+ 

nSN.tiX), neN,D>(), 

0<n<(p-l)D+^ 0<n<(p-l)»;+^ 

)(detW.)t^l^(^-^)^-^^ (g)^ (detW.)-\ 

0<f 0<D,D=0 mod(nj) 

A'-IV n ^ (R) A'^'"''^"-^"W , 

v,n+(p~l)v+^!— D,— n— (p— i 



TieN.iXO, neN.iXO, 



0<n<-(p-l)v-^ 0<n<-(p-l)i'-SL^ 

Kdetl^.)^-^^-^^"'^^ 



From (13), (|A|), (1^:251 ), we get the last equation of (^^. 
The proof of Proposition 4.1 is complete. 
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Lemma 4.3 Let us write 



(4.26) 



®o<v,v=o mod{n,|(det ATj-i ®^<o (det IV^) 

'<&'0<i),i>=0 mod(nj 

777 n[^]+{p-i>+i 



®o<.(detIV.)'". '^^'^' (8)o<.,.=o mod(n,)(detiy.)-^ 

r/ien L{(3j)i, L{f3j)2 can he extended naturally to Gy x S^-equivariant complex line bun- 
dles which we will still denote by L{f3j)i, L{f3j)2 respectively over M{nj). 



(4.27) 



Proof : Write 

Pjf PjV U!{v) 



Hj Tlj Hj 



Note that for f = ^ mod(nj), = |. 

We introduce the following line bundle over M{nj), 



(4.28) ^ —uj(v)—r(nj)v 

(g)det{W{nj)J (g) det{W{nj)n^_^) 



As in [LiuMaZ, (4.38)], Lemma 4.2 implies L'^{pjY^''^ is well defined over M[nj). 

The contributions of N and V in L{j3j)i, L{(3j)2 are the same as given in [LiuMaZ, 
Lemma 4.2], we only need to calculate the contribution of W in L(/5j)i, L{(3j)2- Actually 
from [LiuMaZ, (4.37), (4.44)], (|J), {WA^ , { WM , O), iWM and (pH]), we get 



(4.29) L(/5,)2 = i^~^'"'^~"' ®^"(/3,)"^ (g) det(iy(n,)J 



0<D<- 



det(V(n,)^,)- 

l<m<Pj /2 m-i<pjt)7raj <m 

The proof of Lemma 4.3 is complete. 
Let us write 

e{W) = -\ Eo<.(dim W.) [([^] + {p - l)v){[^] + {p - l)v + 1) 
.430. -(^ + (.-l).)(2([^] + (p-l).) + l)] 

-I E.<o(dimH^.) [([-^] - (p - i)t;)([-^] - (P - i)t; + 1) 
+ + (P - 1» f2f [-f^] - - 1)^) + 1^ 
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= \ Eo<.(dimiV. - dim K) [([^] + (p - l)v){[^] + {p - l)v + 1) 

-(^ + (p-l)^)(2([^] + (p-l)-)+l)", 
\ Eo<.(dimiV.) [([^] + (p - l)t;)([^] + {p - l)v + 1) 

-(^ + (P-I)^)f2(m + (P-I)t;) + 1^ 



£2 



4Eo<.(dimV;)[([^ + |] + (l>-l)t;)^ 

-2(^ + (p-l)t;)([^ + l] + (p-l).;) 

Then 62 are locally constant functions on F. 

Recall that the involutions Te, and ri were defined in Section 3.1. Also recall that if 
is a S'^-equivariant vector bundle over M, then the weight of the S'^-action on r(F, E) 
is given by the action in (cf. §3.1). 

Proposition 4.2 For i = 1, 2, the Gy-equivariant isomorphisms induced by (\i-19^ ) and 

MM), 

ra : SiTY, Kx ®o<. (det N,)-^) ® {Kw ® K^'Y^' 

o<., Sym(iV^,o), 

v=Omod(nj) 

r,2 : 5(Tr, Kx ®o<. (det iV,)~i) ® {Kw ® i^x')'/' 

^QwiPj) ® L{Pj)i ® o<., (Sym(A^^,o) ® det A^'^), 

11=0 mod(nj) 

/iawe i/ie following properties : 1) for i = 1, 2, 7 = 1, 2, 



(4.31) 



(4.32) 

where 
(4.33) 



r-}Pr,, = P + + (p - 1)) + e,^, 



e^i = + e{W) - e{p, pj.i, N), 
ei2 = £i + £{W)-e{p,(3,,N). 



2) Recall that o{V{nj)^j ) was defined in M.2[\ ). Let 



/^i = - Eo<J^] dim K, + A(n„ N) + A(n„ V) mod(2), 



(4.34) 



-"2 = - Eo<J^ + |] dim K + A(n„ AT) + o(\/( 



0)% 

2 



mod(2), 



/i3 = A(n,-,Ar) mod(2), 
/i4 = E^,(dimW^)([^] + (p- l)t;) + dimly + dimly (nj)o mod(2). 



Then for i = 1, 2; 7 = 1, 2, 



(4.35) 



''"17 ''"e''"j7 
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Proof: The first equality of ( [4.32D is trivial. From ( |2.23| ) and ( [4 .241 ), one has 



(4.36) e{p,(3„N) = e{p,(3,.uN)+ 

0<v,v=0 mod(nj) 



Hi 



Denote by SiiV) {i = 1, 2) the contribution of dimV^ in et {i = 1, 2) respectively. 
Then from [LiuMaZ, (4.52), (4.53)], on F^, we have 

(4.37) rTipr,, = P + {{p - I) + ^) + e,{V). 
From (1051 ), as in (|3:23| ), on Q{W), we get 

(4.38) r.'Pr,, = P + ((p - 1) + ^) + e{W) + U{p-1) + ^)d'{W). 



From ([4.36|) , (^4.37|) , (|4.38| ), and by proceeding as in the proof of Proposition 3.2, as 
in [LiuMaZ, Proposition 4.2], one deduces easily the second equation of ( [4.32| ). 

Finally from the discussion following (|4.2CI| ), and [LiuMaZ, (4.50)], we get the first 
two equations of ( |4.35| ). By ( ^.121 ) and ( [4.25| ), we get the last equation of ( [4.35] ). 

The proof of Proposition 4.2 is complete. ■ 



Lemma 4.4 For each connected component M' of M{nj), ei + b{W), Ei + e(W^) are 
independent on the connected component of F in M' . 



Proof: From (|m| ), (|Oq ), ( jlTT^ ), ( |07| ) and ( CT ), we have 
£i = t: ^ ^ (dimA^„ - dimK - dim Wj,) 



0<D'<nj v=v' mod(nj) 



uj{v'){nj - uj{v')) 



(4.39) 



{p-l + —fe - — { dimR Nin.)^, - dimR V"(n,)?, - 2 dim Vr(ri,) 
rij 16 V — 2 2 

-- ^dimA^(nj)^' — dimV"(nj)i,/ — diml4^(nj)^/ 



0<i>'<nj/2 



dimiy(nj)„^. 



n- 



By ( [4.30|) , £2 — ^1 was given in [LiuMaZ, (4.49)], it is independent on the connected 
component of F in M' . 

The proof of Lemma 4.4 is complete. ■ 

The following Lemma was proved in [BT, Lemma 9.3] and [T, Lemma 9.6] (cf. 
[LiuMaZ, Lemma 4.6]). 

Lemma 4.5 Let M he a smooth manifold on which acts. Let M' he a connected 
component of M{nj), the fixed point set of the suhgroup Z„^ of on M. Let F he the 
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fixed point set of the S^-action on M. Let V ^ M be a real, oriented, even dimensional 
vector bundle to which the -action on M lifts. Assume that V is Spin over M . Let 
Pj G]0,nj[, pj G N and {pj,nj) = 1, then 

... Eo<.(dim V;)[^] + A(n„ V) mod(2), 

^ ' Eo<.(dimK)[^ + |]+o(\/K)^^,/,) mod(2) 

are independent on the connected components of F in M' . 

Recall that the number d'{p,Pj,N) has been defined in ( p.23| ). 



Lemma 4.6 For each connected component M' of M{nj), d'{p, i3j, N) + fii + H4 mod(2) 
{i = 1, 2, 3) are independent on the connected component of F in M' . 



Proof : By ([4.34|) , and Lemma 4.5, to prove Lemma 4.6, we only need to prove 



^(dim Ar^)([^] + {p- l)v) + A{n,, N) + fi^ mod(2) 

0<v 



is independent on the connected components of F in M' . But by [BT, Lemma 9.3], as 
uj2{TX © W)si = 0, we know that, mod(2), 

(4.41) ^(dimiV,)[^] + A(n„ N) + ^(dim W,)[^] 

0<D ■' V •' 



is independent on the connected components of F in M' . From ( p.23| ), ( |2.27| ), ( [4.41 
get Lemma 4.6. 

The proof of Lemma 4.6 is complete. 

4.3 Proof of Theorem [O] 

Prom (12:231) , (p|), (|1|) and j^M) . we see that 



we 



dim Ny= dim N^n^)^ + ^ dimR N{nj)^^/2 + ^ dim N^, 

(4 42)°"^" 0<v<-^ 0<D,D=0 mod(n,) 



d'{p,(3,,N) = d'ip,l3,.,,N) + Yl d™^- 

0<v,v=0 mod(nj) 



By Lemma 4.6, ( [4.42|) , d'{p, N) + ^Q^^dimN^ + Hi + fi^ mod(2) {i = 1,2,3) are 



constant functions on each connected component of M(nj). 

From Lemma 4.3, one knows that the Dirac operator Z}^(":j) (g) F[[3j) ® Fy{i3j) ® 
QwiPj) ® L{(3j)i {i = 1, 2) is well-defined on Mijij). Thus, by using Proposition 4.2, 
Lemma 4.4, (|4.17|) and (|4.42|) , for z = 1, 2, /i G Z, m G |Z, r = Tei or r^i, and 
by applying both the first and the second equations of Theorem 1.1 to each connected 
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component of M{nj) separately, we get the following identity in KcyiB), 
(4.43) 

^^(_l)d'(p,/3i-i,A^)+Eo<.dim7v.j^^^py„ ® {Kw ® K^^y/^ ® ^P,j-i{X) 
®Fi, ® Q{W),m + e(p, N), h) 

® QH/(/?i) ® rn + ei + e{W) + + (p - 1))/^, Z^) 

®Fi, ® Q{W), m + e(p, /3„ A^), /i). 

Here means the sum over all connected components of M{nj). In (|4.43|) , if r 
then /i = /is + /i4; if r = Tgi, then fj, = fii + n^. 
The proof of Theorem p.5| is complete. 
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